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Nonlinear Characteristic of Spherical Joints
with Clearance
Zhang Jing1, Guo Hong-Wei2, Liu Rong-Qiang2, Deng Zong-Quan2

ABSTRACT: Joints in deployable structures can degrade
the stiffness and the stability of spacecraft. In this
study, the nonlinear stiffness of spherical joints is investigated.
The traditional contact model of spherical joints based on
non-conforming contact assumption is presented. A new
contact model for spherical joints based on the Winkler
model and geometric constraints is established to calculate
the stiffness of spherical joints with small clearances.
The finite element model (FEM) of spherical joints is built
to evaluate the accuracy of the theoretical model. The effects
of the clearance and the contact force of spherical joints on
the deformation of joints are investigated. When compared
with FEM results, the error of the new spherical model is
smaller than that of the traditional contact model when the
clearance of spherical joint is not excessively large. The new
contact model for spherical joint is more accurate than the
traditional contact model when the clearance of spherical
joint is large.
KEYWORDS: Deployable structure, Nonlinear characteristic,
Joint, Stiffness.

INTRODUCTION
Given the need of sending large payloads and high volume of
launchers in space missions, deployable structures as supporting
ones have been widely used in spacecraft (Puig et al., 2010; Gruber
et al., 2007). The deployable mast for solar sails has reached the
range of 100 – 1,000 m (Brown, 2011). The large deployable
structures usually contain a large number of joints to achieve
the smooth rotation of the structure parts. Joint clearance often
generates nonlinear characteristics, such as impact or contact,
which affects the stability and the accuracy of deployable structures
(Qi et al., 2010).
The dynamic performance of deployable structures is important
for space structure design. In the first type of dynamic analysis, joint
clearance is neglected. Shin and Lee (2000) proposed an improved
approach to update the initial finite element model (FEM) for space
structures. The second type of analysis considers the impact and
free-play generated by the joint clearance. Sarkar modeled the space
trusses with nonlinear force caused by joint that is expressed by
harmonic function (Sarkar et al., 2004). (Li et al., 2011) investigated
the transient dynamic response of plane mechanics and analyzed
the effect of clearance on the dynamic performance of structures by
utilizing gap element to model clearance joint in ANSYS software.
Joint clearance is considered not only in dynamic analysis of space
trusses, but also in mechanism analysis. Bauchau and Rodriguez
(2002) considered three-dimensional configuration of spherical
joint and studied the effect of clearance, lubrication and friction
phenomena on the dynamic response of flexible multibody systems.
The contact model of a joint is mainly based on elastic
theory and finite element theory. Hertz law is proposed to
model the contact of joints (Johnson, 1985). Lankarani and
Nikravesh (1990) presented a modified Hertzian-based contact
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law, which includes a damping term to account for the energy
dissipation. Tian et al. (2009) calculated the contact force
of spherical joint in spatial flexible multibody systems by
using the continuous contact model proposed by Lankarani
and Nikravesh. Boltachev et al. (2012) studied the elastic
interaction of spherical particles whose stress distribution
is determined by a rod model, which was applied in a more
wide range of deformation calculation when compared with
the classical Hertz law. Liu et al. (2006) built an approximate
contact model of spherical joints with clearance that is based
on distributed elastic forces. Fang et al. (2015) proposed an
accurate theoretical solution to calculate the conformal contact
pressure distribution in spherical plain bearings through the
equivalent force principle. Bai and Zhao (2013) presented
a new force model of the revolute joint with clearance for
planar mechanical systems, which is a hybrid model of the
Lankarani-Nikravesh and the improved elastic foundation
models. Rajaei and Ahmadian (2014) used the Iwan model to
simulate stick-micro/macro slip behavior involved in a friction
contact. Pereira et al. (2014) estimated the applicability of
the cylindrical contact models proposed in previous studies.
The research on contact model is mainly based on the Hertz
theory. Although energy dissipation, slip, and friction in the
contact solids are considered, the accurate of the contact
models usually used in mechanism simulation is not completely
studied. The models based on Hertz model are not suitable
for the conforming contact of joint because Hertz model is
based on non-conforming assumption.
Finite element method is the other method to investigate
the contact of joints. Cannon and Howell (2005) used pseudorigid-body model to predict the behavior of the conforming
contact-aided revolute joint and validated the model by finite
element analysis. Liu et al. (2007) established an approximate
model for the contact problem of cylindrical joints by introducing
appropriate assumptions and by analyzing the FEM numerical
results. Because the elastic contact calculation by implementing
finite element software depends on the user’s choice in some
parameters such as normal contact stiffness and penetration
limit, Hattori and Serpa (2015) predicted the values of some
parameters by investigating the artificial neural networks.
Big-Alabo et al. (2015) conducted elastoplastic analysis for a
spherical impactor. Finite element method can be used to analyze
various contact conditions. However, the major limitation
of this type of analysis is time-consuming. This method can
hardly be combined with the simulation of mechanism. Thus,

an accurate conforming model for a joint is important to
mechanism simulation.
In this paper, the classic contact model for spherical joint
is presented. The following four assumptions are used as
basis: (i) the surfaces are continuous and non-conforming;
(ii) the strains are small; (iii) each solid can be considered
as an elastic half-space; (iv) the surfaces are frictionless. The
non-conforming in the assumptions means that the contact
width is significantly smaller than the equivalent radius.
The non-conforming assumption for Hertz model is not suitable
for the spherical joint with small clearance, because, in general,
the contact width of the joint is not significantly smaller than
equivalent radius. Therefore, the classic contact model cannot
be adequately used to calculate the stiffness of spherical joints
in deployable structures, because the clearance is usually small
for satisfying the high accuracy of the supporting structures.
Based on the geometric constraint model of revolute joint,
the geometric model for spherical joint is given. The contact
model for spherical joints is built based on Winkler model. The
FEM for spherical joint is established to evaluate the accuracy
of the proposed contact model.

CONTACT MODEL FOR SPHERICAL
JOINTS
CLASSICAL CONTACT MODEL
The contact area of rotation is a circle. The four assumptions
cited before exist in the classical contact model. When a normal
load P is applied, two spherical solids are shown in the cross
section after deformation in Fig. 1. R1 and R2 are the radius
of the two spheres; uz (r) is the total deformation of the two
spheres on the contact circle of radius r. The total deformation
of the two contact solids is δ = δ1 + δ2 = uz (0), where δ1 and δ2
are the deformation of the No. 1 solid and the No. 2 solid on the
centre of the contact area.
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Figure 1. Hertz model for two spherical solids.
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The total deformation of the two spheres on the contact
circle of radius r can be expressed as:
(1)
where:
R: equivalent radius; 1/R = 1/R1 + 1/R2 when the two solids
are convex.
The Hertz contact force of spherical joint satisfies:

(5)
where:
h: thickness of the spherical shell.

Sphere

(2)

where:
a : the contact width at the center of contact area; p0: contact
pressure at the center of contact area.
The relationship between the contact deflection of the
sphere and the contact force is presented as (Johnson, 1985):
(3)
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O: center of sphere; O1: center of spherical shell

where:
E: composite modulus 1/E = (1 – v12)/E1 + (1 – v22)/E2; E1
and E2: the elastic modulus of the two contact solids; v1 and
v1: the Poisson ratios of the two contact solids.
Based on the simplification of Eq. 3, the contact force can
be given by:
(4)

CONTACT MODEL OF SPHERICAL JOINT BASED
ON THE WINKLER MODEL AND GEOMETRIC
CONSTRAINTS
The Hertz contact model is rarely used to obtain highaccuracy contact stiffness of the spherical joint with small
clearance because the non-conforming contact is assumed
in Hertz contact model of sphere. The spherical joint and
the contact model of this joint are shown in Fig. 2; r can vary
from 0 to a.
The elastic half-space can be replaced with Winkler elastic
base. The simplified model is shown in Fig. 3. The contact
forces of the points on the contact circle of radius r can be
expressed as (Johnson, 1985):

Figure 2. Contact of spherical joint. (a) Spherical joint;
(b) Contact model for spherical joint.
r

O

p(r)

h

Figure 3. Simplified contact model for spherical joints
with clearance.

The contact force of the central point of the contact area
can be expressed as:
(6)
The contact force given by traditional Winkler model is
expressed as:
(7)
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The pressure distribution of the contact of revolution solids
is presented in Hertz model, which is validated. Based on the
distribution of the pressure given by Hertz, the total contact
force can be expressed as:
(8)

Based on Eqs. 6 and 8, the relationship among the contact
force, contact width, and the contact deflection can be given as:

4

Contact force P (N)
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Spherical shell

Figure 4. FEM for spherical joint.
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The FEM of spherical joint is built to verify the established
contact model of spherical joint. The FEM is shown in Fig. 4, which
is established by ANSYS. The type of the element is SOLID 45.
The contact models of spherical joints with different clearances are
established, where R2 = 5 mm, E = 2.06 × 105 Mpa and h = 5 mm.
The comparison between theoretical model and the FEM
for spherical joint is given in Fig. 5, which plots the relationship

FEM

2.5

(10)
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CONTACT MODEL
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3.5

0

(9)

The contact width and the contact deflection in any rotation
plane plotted by dashed line in Fig. 2b satisfy the relationship
between contact deflection and contact width of revolute
joint described in Liu et al. (2013). Taking the contact width
expression into Eq. 9, the relationship between contact force
and contact deflection can be given by:
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Figure 5. Comparison of the contact models for spherical
joint. (a) ΔR = 0.05 mm; (b) ΔR = 0.1 mm; (c) ΔR = 0.2 mm;
(d) ΔR = 0.5 mm.
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between the contact force and the contact deflection of spherical
joint. The stiffness of the joint decreases with the joint clearance.
When the contact deflection is small, the error of the theory
model is smaller than that of Hertz model. With the increase of
the clearance of spherical joint, the error of the theory model
in total contact deflection range is closed to that of the Hertz
model. When the clearances of the spherical joints are 0.05; 0.1;
0.2 and 0.5 mm, respectively, the errors of the Hertz contact
model compared with FEM are 94.1; 43.3; 29.0 and 49.5%. The
errors of the Hertz contact model compared with FEM are 30.5,
35.6, 38.6, and 40.4%, respectively. Moreover, the errors of the
theory model compared with FEM are 22.4, 23.1, 30.1, and 44.2%,
respectively. Thus, the established spherical model is accurate in
terms of calculating the stiffness of the spherical joint contact.

CONCLUSIONS
Spherical joints are investigated because of their importance
in the application of deployable structures in space missions. The
nonlinear characteristic of spherical joints can affect the dynamic
response of deployable structures. First, the traditional contact
model of spherical joints is presented. The contact model is based
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on four assumptions. The model is suitable for joints with large
clearance. Second, a new contact model for spherical joints is
modeled based on the Winkler model and geometric constraints
given in literature. Third, finite element models for spherical
joint with different clearances are built. The simulation results are
compared with the results of traditional model and those of the
new model. The error of the new contact model is close to that of
the traditional model when the clearance is small. The error of the
new contact model is closed to that of the traditional model when
the clearance is large. Therefore, the new model can be accurate in
calculating the stiffness of spherical joints with clearance.
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